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= First lattice result for the hadronic light-by-light scattering contribution to the

muon g — 2 with all errors systematically controlled.

= Lattice calculation directly at the physical pion mass and no Chiral
extrapolation is needed.
= O(1/L?, a°) extrapolation performed to obtain the infinite volume and

continuum limit.
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e We test our setup by computing muon leptonic light by light contribution to muon g —2.
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e Pure QED computation. Muon leptonic light by light contribution to muon g — 2.
Phys.Rev. D93 (2016) 1, 014503. arXiv:1510.07100.

e Analytic results: 0.371 x (a/7)3=46.5 x 10~ 10.

e O(1/L?) finite volume effect, because the photons are emitted from a conserved loop.



HLbL: diagrams

= Gluons and sea quark loops (not directly connected to photons) are

included automatically to all orders!
= There are additional four different permutations of photons not shown.

= The photons can be connected to different quark loops. These are

referred to as the disconnected diagrams. They will be discussed later.

= First results are obtained by T. Blum et al. 2015 (PRL 114, 012001).
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e One diagram (the biggest diagram below) do not vanish even in the SU(3) limit.

e We extend the method and computed this leading disconnected diagram as well.

e Permutations of the three internal photons are not shown.
e Gluons exchange between and within the quark loops are not drawn.

e We need to make sure that the loops are connected by gluons by “vacuum” subtraction.
So the diagrams are 1-particle irreducible.
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Phys. Rev. D 93, 074505
(2016)

481 48% x 96, 5.5fm box  64l: 643 x 128, 5.5fm box

24D: 243 x 64, 4.8fm box  32D: 323 x 64, 6.4fm box 48D: 483 x 64, 9.6fm box

32Dfine: 323 x 64, 4.8fm box
T. Blum et al 2020. (PRL 124, 13, 132002)
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T. Blum et al 2020. (PRL 124, 13, 132002)
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T. Blum et al 2020. (PRL 124, 13, 132002)
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T. Blum et al 2020. (PRL 124, 13, 132002)
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con discon tot
au 24.16(2.30) -16.45(2.13) 7.87(3.06)
sys hybrid O(a®>)  0.20(0.45) 0 0.20(0.45)
sys O(1/L3) 2.34(0.41)  1.72(0.32)  0.83(0.56)
sys O(a*) 0.88(0.31)  0.71(0.28)  0.95(0.92)
sys O(a’log(a®))  0.23(0.08)  0.25(0.09)  0.02(0.11)
sys O(a’/L) 4.43(1.38)  3.49(1.37)  1.08(1.57)
sys strange con 0.30 0 0.30
sys sub-discon 0 0.50 0.50
sys all 5.11(1.32)  3.99(1.29)  1.77(1.13)

= Same method is used for esimating the systematic error of individual and total

contribution.

= Systematic error has some cancellation between the connected and disconnected

diagrams.

T. Blum et al 2020. (PRL 124, 13, 132002)
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v 3, = 7.87(3.06)stat(1.77)ys X 10710
T. Blum et al 2020. (PRL 124, 13, 132002)

= Consistent with more recent Mainz group result:
a, = 10.68(1.47) x 1071° E. H. Chao et al 2021. (arXiv:2104.02632)

= Consistent with the analytical approach:
9.2(1.9) x 1071° (White paper 2020).

= Working on the infinite volume QED approach pioneered by the Mainz
group.
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QCD Box
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PGook(X, ¥, 2) = Buow(X,y,2)+ BGoro(y,z,x) + Gppo(z,x,¥)

FBrop(2, ¥, X) + Bpro(x,2,¥) + Gopnly, X, 2),

Gonply, 2z, x) = ) %,”n? . e’”“(tsnkfts'c)/ﬁ G(x,a)G(y,B)G(z,m)
Src =00, Ignk 0 afBmn

X/~ S (nks B) Mo Su (B, m)ive Su(, @) ivp Sy (a, Xere)
Xsnk Xsrc

Subtraction to (1) remove infrared divergence; (2) reduce discretization and finite volume effects

1 1
= §®U,K,a(Y-ZvX)+ E[épv&a(xr Z,y)]f,

1

60, (v.2.x) =
2 _ 1 1 1

6, (v.z.x) = R (v.2.x) — 6% (2.2,%) = &) (v.2,2).

T. Blum et al 2017. (PRD 96 3, 034515)
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QE‘IDL >—‘e—<
60 - QED., (no sub) +—+— _|
QED, (with sub)

mL
= QED.: O(1/L?) finite volume effects
= QED. (no sub) &Y: O(e™™) finite volume effects

= QED. (with sub) @ smaller O(e~™") finite volume effects

T. Blum et al 2017. (PRD 96 3, 034515)
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14 T T
2} ] LR max(x—yl, 2], Iy~ 2])
10 =" -1
3#
(=} - == . .
3 8 . = 24DH: partial sum upto Rpmax.
6 - b
X -
S o4 - .
© - = Rev LMD:
21 + .
0 't reverse partial sum down to R ax.
-2 1 1 1 1 1 1 1

0 05 1 1.5 2 ?5 3 35 4 - 24DH & LMD

Rinax (fm
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= Short distance part is given by lattice data.
= Long distance part is given by LMD model x34/9.

= At 2.0 fm, the combination gives: a5 = 13.44(10)s x 1071,
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the sum of the above two curves.

= Short distance part is given by lattice data.
= Long distance part is given by LMD model x(—25/9).

= At 2.0 fm, the combination gives: a§*®°" = —5.70(58)tat X 1077,
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the sum of the above two curves.

= Short distance part is given by lattice data.
= Long distance part is given by the LMD model.

= At 2.0 fm, the combination gives: af** = 7.46(62)sat x 10719,
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32D ——

32D pi0 rev sum
32D combine

T T

0 0.5 1 1.5 2 2.5
Riax/fm

a=0.2fm.
Rumax = max(|x—y|, [x—2z|, [y — z|).
32D: partial sum upto Rpmax-

Rev LMD:

reverse partial sum down to R ax.

32D & LMD:

the sum of the above two curves.

= Short distance part is given by lattice data.

= Long distance part is given by LMD model x34/9.

= At 2.5 fm, the combination gives: a5 = 29.19(73)se x 1071,
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32D ——
32D pi0 rev sum _
32D combine = a= 02 fm
2 T T T T T
o NP " Rmax = max(|x—y|, |x—z|, |y —z]).
I
-5 i B .
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= Short distance part is given by lattice data.
= Long distance part is given by LMD model x(—25/9).

= At 2.5 fm, the combination gives: aﬂiscc’” = —17.79(58)4at X 10710,



HLbL QED..: Total @ m, = 142 MeV (prelim) 20 / 23

a, x 1010

32D

32D pi0 rev sum
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——

0 0.5 1 1.5 2 2.5
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a=0.2fm.
Rumax = max(|x—y|, [x—2z|, [y — z|).
32D: partial sum upto Rpmax-

Rev LMD:

reverse partial sum down to R ax.

32D & LMD:

the sum of the above two curves.

= SD from lattice data. LD part from the LMD model.

= At 2.5 fm, the combination gives: a'?* = 11.40(1.27)sese x 1071°.

= Need smaller lattice spacing to control the discretization effects.
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Con strange 481 +—+—
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» 48l: 2a=0.114 fm. 64l: a = 0.084 fm.

" Rmax = max(|x — y|, |x — z|, |y — z|). Partial sum upto Rpyax.
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= 48l: a=0.114 fm. 64l: a = 0.084 fm.
" Rmax = max(|x — y|, |x — z|, |y — z|). Partial sum upto Rpyax.

= Plan to add more statistics for the 48] ensemble.
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= 32ID: 323 x 64, a ! = 1.015 GeV, M, = 142 MeV.
m Rmax = max(|x — y|, [x = y'|, |y — ¥'|). Reverse partial sum plotted.
= Not the same as the dispersive pion-pole contribution.

Calculation by UCONN graduate student Cheng
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|} i :
Tops Two point sources at X, y:

v 7 &P randomly sample x and y.

= Importance sampling:

focus on small |x — y|.

= Complete sampling for |x — y| < 5a

Tsrc e o0 / / Lsnk

upto discrete symmetry.

ay _ = = _ s ECR .
75’0* 0 0 Xre 5’0 0; Y £y Xo 50
WMU()Q r;yzz (Xop — Xer) X Us(0)iF(0; %, Y, Z, Xop) Us(0)

Z  Xop

1 - .
= Z §(>’<’0,, — %ef) X J(R%,) = Muon is plane wave, xer = (x +y)/2.
op
= Sum over time component for Xop.
Reorder summation

—y| < mi —z|, |x — Onl sumoverr—
bemyisminy =2l =2 g e 2016, (PRD 9% 1, 014503)
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Tsre Tsnk

e Point z is used as the reference point for the moment method.

e We can use two point source photons at = and y, which are chosen randomly. The points
Zop and z are summed over exactly on lattice.

e Only point source quark propagators are needed. We compute M point source propagators
and all M2 combinations of them are used to perform the stochastic sum over 7 =z — y.

T. Blum et al 2017. (PRL 118, 2, 022005)
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= The three internal vertex attached to the quark loop are equivalent

(all permutations are included).
= We can pick the closer two points as the point sources x, y.
3 if [x—y|<|x—2z|land |x—y| < |y — 2|
3/2 iflx—y|l=|x—2z|<|y—Z|
=D 832 iflx—yl=ly—z/<|x—7]

xX,\y.z X, y.z

1 if [x—yl=1ly—z|=|x—-Z|

0 others
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Split the a*" into two parts:

con __ _con,short con,long
au = au + au

,short __ .
aconshort — geon (1 < 1fm):

most of the contribution, small statistical error.

. oI = g2on(r > 1fm):;

small contribution, large statistical error.

Perform continuum extrapolation for short and long parts separately.

= a"hrt: conventional a? fitting.

. aff”v"’”g: simply use 48l value.

Conservatively estimate the relative O(a?) error: it may be as large as

for a;°”'5h°’t from 48l.
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b
") = a1
m

—cl(a' GeV)? — cP(aP GeV)? + cP(aP GeV)4>

O(1/L%)

b b
aM(L,a',aD) = aM<1 2 2

T (mul? T (mal)?
—cl(a' GeV)? — cP(aP GeV)? + cP(aP GeV)4)

O(a?log(a?))

wlbide = a“(1_<mt>2

—<C{(a' GeV)? + cP(a° GeV)? — cP(a° GeV)4>

X <1 - % log ((a GeV)z))>




HLbL QED,: Sys error from fits 30 /23

b
a,(L,a',a%) = a“(lﬁ(m 2L)2
n

—cl(a' GeV)? — cP(aP GeV)? + cP(aP GeV)4>

O(a*) (maximum of the following two)

_ b
(muL)2

—cl(a' GeV)? — cP(aP GeV)? + cy(a GeV)4)

au(L,a', a%) = au<1 —

b
a,(L,a', a%) = au<1 — ﬁ
"

—ci(a GeV)? + ch(a' GeV)* + cP(aP GeV)4)
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b
a,(L,a',a%) = au(l—(m 2L)2
m

—cl(a' GeV)? — cP(aP GeV)? + cP(aP GeV)4>
O(a?/L) (maximum of the following two)
I Dy _ _
a,(L,a, a’) = au<1 (maL)?

—(c{(a' GeV)? + cP(a° GeV)? — cP(a° GeV)4) (1 _ ! ))

a,(L,a,aP) = au(l - (mb2L)2)

X (1 —cl(a GeV)? — cP(a° GeV)? + c2(a° GeV)“)
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0.4 T T T T T

1
0.2 ¥}{ I

—0.2

a, X 1010

—0.4

—0.6

T
}7
—

e e s B —

—0.8 : : : : ‘ n 24D: 243 x 64
0 05 1 15 2 25 3

R /fin L =48"fm

» a1 =1.015 GeV
My = 142 MeV
My =512 MeV

» The tadpole part comes from C. Lehner et al. 2016 (PRL 116, 232002)

= Partial sum upto Rpnax

Rmax = max(|X—y|, |X_Z|v |y_Z|)

= Systematic error (subdiscon): 0.5 x 1071°
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24D

0.35 T T T T T T T
’ E3
0.25 = -
x=
s 02} -
S =
o 015 F .
3 * T T,
S 01t A4 o
0.05 |- - -
0 L n 24D: 243 x 64
—0.05 I I I I I I I L =438fm
0 05 1 1.5 2 25 3 35 4 1
R /£ = 9+ =1.015 GeV
max m
M, = 142 MeV
= Partial sum upto Rnax My = 512 MeV

Rmax = max(|x — y|,Ix — z|. |y — z])

» Systematic error (strange con): 0.3 x 107%°
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e Compare the two &, , .(z,y,2) in pure QED computation.

mL = 3.2 F—+— mL = 3.2 F—+—i
mL = 4.8 mL =4.8
mL = 6.4 mL =64
mlL =9.6 —e—i mL =9.6 —e—
58 T T T T
56 = > -
54 e s
o =) b2 - - *\n'"‘w 7]
E ER ]
x w 48 r -
S S 46 1=
44 +
42 +
40 +
38
0 0.01 0.02 0.03 0.04 0 0.01 0.02 0.03 0.04
(ma)? (ma)?
Original QED kernel Subtracted QED kernel

e Notice the vertical scales in the two plots are different.

T. Blum et al 2017. (PRD 96 3, 034515)
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| | | | | | |
0 05 1 15 2 25 3 35 4

Rinax/fm

R O RFRNWERUUOY 00 ©
+*

= Partial sum upto Rmax

Rmax = max(|x—y|, |X_Z|' |y_Z|)

» 241L: 243 x 64
L =266 fm

s a1 =178 GeV
M, = 340 MeV
My = 594 MeV
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10
a, x 10

24IL a~' = 1.78 GeV +H—+—1

32ILfine a~! = 2.38 GeV

241IL m, = 340 MeV +——+—
241 m, = 432 MeV

9 T T T T T T 9 T T T T T
8 R R 8 LFETETTEFTEEEEIEETY
7T ’ ~ 7k E3 .
6 - £ - . 6F 58 4
it . 1 =il : ]
3t g . s 3t - .
2 | ® . S b 8 4
1+ =g B 1+ @ n
0 et 0 T
—1 1 1 1 1 1 1 1 —1 ! 1 1 | | i
0 05 1 15 2 25 3 35 4 0 05 1 15 2 25 3 35 4
Riax/fm Riax/fm
s 24IL: 243 x 64 = 32ILfine: 323 x 64 n 24]: 243 x 64
L =266 fm L =266 fm L =266 fm
al=178 GeV a ! =238 GeV a!l=178 GeV
M, = 340 MeV M, = 357 MeV M, = 432 MeV
My = 593 MeV My = 590 MeV My = 626 MeV
au(my,a L) =a,(m2 0, L)+ ca® + o(m2 — (mt2reet)?) (1)
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241L L = 2.66 fm +—+— Extrap 2.66 fm +—+—
32IL L = 3.55 fm Extrap 3.55 fm
12 T T T T Con 24DH
10 14 T
12 “
- 8 giII;;izzzzizzzzzzzn 10 F
S 6 JE b z 8F - cciassrsizazazzozaza
><1 4 -_'_ B ; 6 - §§¥ -
5y & . $o4r 7
2 - -
0 0
9 ! ! ! ! ! ! ! ) ! L ! ! ! ! !
0 0.5 1 1.5 2 2.5 3 3.5 4 0 0.5 1 1.5 2 2.5 3 3.5 4
Rinax/fm Riax (fm)
» 24IL: 243 x 64 = 32IL: 323 x 64 = 24DH: 243 x 64
L =266 fm L =3.55fm L =467 fm
al=178 GeV al=1.78 GeV a1 =1.015 GeV
M, = 340 MeV M, = 340 MeV M, = 340 MeV
My = 593 MeV My = 593 MeV My =~ 593 MeV

au(mw, a, L) = aﬂ(m‘t,rarget' 0, L) 4 C132 4 Cz(mfr _ (m't/rargEt)2)

(2)
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Rev 24DH +—+— Rev LMD-24DH +—+—
Rev LMD24DH Rev LMD24DH-24DH
Rev LMD 1.5
14 T T T T T 1k T i THHJ'HIHE
19 FEEEERy o J( Jul LALLLL =,
*5, 0.5 11 ]
10 |- S3 - < TH *
o 3 = 0 il
HE 8 %2 1 - 7ﬁgﬂr L
T X I
<6t =) . E it i
N 4 x> m -1F .
2k A'If:gt - -1.5 E
0 | | | ! I = s _9 ! | | | | | |
0 05 1 1.5 2 2 3 35 4 0 05 1 15 2 25 3 35 4
Riax (fm) Riax (fm)

» Reverse partial sum down to Ry = max(|x — y|, |[x — z|, |y — z])

= LMD: Lowest Meson Dominance Model.
Pion-pole contribution calculated in position space.
At m, = 340 MeV: f, = 149 MeV, My, = 830 MeV
The pion pole contribution should be multiplied by —34/9 to match

with connected diagram.
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e For QED/, we can compute the QED function for all = given the 3 location fixed and z
summed over. Allow us to compute all combination of x, y with little cost.

e For QED, although we can compute all the function G, , .(z,y,z) simply by interpo-
late, we cannot easily compute this function (even after fixing y) for all 2 and z, simply
because of its cost is proportion to Volume?.

e However, we with QED, and interpolation, we can freely choose which coordinates we
compute. For example, we may compute all z for |z — y| <5, and sample z for |z — y| > 5.
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