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⬆

�md(s)…

Lattice QCD

Experiment vs. SM theory:

(experiment) = (known) x (CKM factor) x (had. matrix element)

⬆
parameterize the MEs in 

terms of form factors, 
decay constants, bag 

parameters, ...
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example:
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Introduction

For |Vcb| determinations use  

✦   

✦   

For tests of lepton flavor universality use  

✦   

✦    

We need form factors at nonzero recoil for both. 

B(s) ! D⇤
(s) `⌫, (` = e, µ)

B(s) ! D(s) `⌫, (` = e, µ)

B(s) ! D(s) ⌧⌫⌧ / B(s) ! D(s) `⌫`

B(s) ! D⇤
(s) ⌧⌫⌧ / B(s) ! D⇤

(s) `⌫`
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Introduction

B(s) ! D⇤
(s) `⌫, (` = e, µ)

B(s) ! D(s) `⌫, (` = e, µ)

hD|V µ|Bip
MBMB

= h+(!)(vB + vD)µ + h�(!)(vB � vD)µ

G(!) = h+(!) +
MB �MD

MB +MD
h�(!) ⇠ f+(q

2)

hD⇤(pD⇤ , ✏(↵))|V µ|B(pB)ip
MBMD⇤

=
1

2
✏µ⌫⇢� ✏

(↵)⇤
⌫ v⇢Bv

�
D⇤ hV (!)

hD⇤(pD⇤ , ✏(↵))|Aµ|B(pB)ip
MBMD⇤

=
i

2
✏(↵)⇤⌫ [gµ⌫(1 + !)hA1(!)� v⌫B (vµBhA2(!) + vµD⇤hA3(!))]
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adjustable parameters 
  

lattice spacing:  
  

finite volume, time:  
    

quark masses (mf): 
  tune using hadron masses 
  extrapolations/interpolations 

  

also: nf = number of sea quarks: 3 (2+1), 4 (2+1+1)
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Lattice QCD Introduction

L 

a 

x 

discrete Euclidean space-time (spacing a) 
derivatives ➙ difference operators, etc…  
  

finite spatial volume (L) 
  

finite time extent (T) 

LQCD =
X

f

 ̄f (D/+mf ) f +
1

4
trFµ⌫F

µ⌫

a ➙ 0

L ➙ ∞, T > L

MH,lat = MH,exp

mf ➙ mf,phys mud ms mc mb
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...of lattice spacing, chiral, heavy quark, and finite volume effects is based 
on EFT (Effective Field Theory) descriptions of QCD  

➙ ab initio 
  

The EFT description:  
  

 provides functional form for extrapolation (or interpolation) 
  

 can be used to build improved lattice actions/methods 
  

 can be used to anticipate the size of systematic effects  
  

To control and reliably estimate the systematic errors  
 repeat the calculation on several lattice spacings, light quark 

masses, spatial volumes, ...

systematic error analysis

a (fm) 

L 

L 

a 

x Lattice QCD Introduction
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 Need to have several (≧2) lattice spacings.  
    Comparing lattice results with different actions provides good cross checks  
    of methods used.   

 “physical mass ensemble” means pion mass is at (or near) its physical value.  
     If larger than in Nature, there must be a range of light quark masses, where  
     the pions shouldn’t be too heavy at low end of the range.   

 box size should have m𝜋L ≧4.  

 sea quark flavors: 2+1, 2+1+1, 1+1+1+1 

 complete systematic error analysis and budget  

 FLAG: compare/combine results from different lattice groups for  
    specific quantities. 

8

Lattice guide
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Using CLN to extrapolate to 𝜔=1 (HFAG 2016):  

 FNAL/MILC 2014 (J. Bailey et al, arXiv:1403.0635, 2014 PRD):  
  

 new: HPQCD (J. Harrison @ Lattice 2016, preliminary)
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d�(B!D⇤`⌫)
d! = (known)⇥ |Vcb|2 ⇥ (!2 � 1)

1/2|F(!)|2

B ! D⇤`⌫ :

form factor for B ! D(⇤) `⌫ & Vcb

F(1) = 0.906(4)(12)

⌘EW|Vcb|F(1) = (35.61± 0.11± 0.41)⇥ 10�3
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FNAL/MILC 2014 (J. Bailey et al, arXiv:1403.0635, 2014 PRD): 
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• 15 MILC asqtad ensembles  
    5 lattice spacings 
    ~ 4 sea quark masses per lattice spacing  
    ~ 600 - 2000 configurations  
    × 4 time-sources per ensemble 

• asqtad light valence quarks  
  

• Fermilab b quarks 

• O(a) improved current 

• mostly nonperturbative renormalization 
(mNPR)

I. INTRODUCTION

The Cabibbo-Kobayashi-Maskawa (CKM) matrix element |Vcb| is one of the fundamental
parameters of the Standard Model (SM). Together with |Vus|, |Vub|, and arg V ⇤

ub, it allows
for a full SM determination of flavor and CP violation via processes that proceed at the
tree level of the electroweak interaction. In the case of |Vcb|, one requires a measurement
of the di↵erential rate of B mesons decaying semileptonically to a charmed final state. The
hadronic part of the final state can be exclusive—e.g., a D⇤ or D meson—or inclusive.

The 2012 edition of the Review of Particle Physics by the Particle Data Group (PDG) [1]
notes that the exclusive and inclusive values of |Vcb| are marginally consistent with each other.
Furthermore, global fits to a comprehensive range of flavor- and CP -violating observables
tend to prefer the inclusive value [2–4]: when direct information on |Vcb| is omitted from the
fit, one of the outputs of the fit is a value of |Vcb| that agrees better with the inclusive than
the exclusive value. One should bear in mind that some tension in the global fits to the
whole CKM paradigm has been seen [5]. A full discussion of the possible resolutions of the
discrepancy lies beyond the scope of this article. We conclude merely that it is important
and timely to revisit the theoretical and experimental ingredients of both determinations.

In this paper, we improve the lattice-QCD calculation [6–8] of the zero-recoil form factor
for the exclusive decay B̄ ! D⇤`⌫̄ (and isopin-partner and charge-conjugate modes). Our
analysis strategy is very similar to our previous work [7], but the lattice-QCD data set is
much more extensive, with higher statistics on all ensembles, smaller lattice spacings (as
small as a ⇡ 0.045 fm) and light-quark masses as small as m̂0 = ms/20 (at lattice spacing
a ⇡ 0.09 fm). Figure 1 provides a simple overview of the new and old data sets; further details
are given in Sec. II. Our preliminary status report [8] encompassed the higher statistics but
not yet four of the ensembles in the lower left-hand corner of Fig. 1.

With this work, we improve the precision of |Vcb| as determined from exclusive decays
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FIG. 1. (color online) Range of lattice spacings and light-quark masses used here (colored or gray
discs) and in Ref. [7] (black circles). The area is proportional to the size of the ensemble. The
lattice spacings are a ⇡ 0.15, 0.12, 0.09, 0.06, and 0.045 fm. Reference [8] did not yet include the
ensembles with (a, m̂0/ms) = (0.045 fm, 0.20), (0.06 fm, 0.14), (0.06 fm, 0.10), and (0.09 fm, 0.05).
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Form factor for B → D* at zero recoil
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FNAL/MILC 2014 (J. Bailey et al, arXiv:1403.0635, 2016 PRD): 
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F. Perturbation theory

The calculation of ⇢Aj defined in Eq. (2.10) is carried out at one-loop order in perturbation
theory, as discussed in Sec. IV. Because ⇢Aj is defined from a ratio of current renormalization
factors, its deviation from unity is expected to be small by construction. Indeed, the one-
loop corrections to ⇢Aj shown in Table V confirm our expectation. They range from 0.05%
to 0.6%. In order to estimate the error due to the omitted higher-order corrections, we
consider the variation of the one-loop corrections to ⇢Aj with the quark masses used in
this calculation. We also consider the related renormalization factor ⇢V 4 , defined from the
charm-bottom vector current V 4

cb analogously to the definition of ⇢Aj in Eq. (2.10). We find

⇢[1]  0.1 for both currents. We then estimate the uncertainty as ⇢[1]max · ↵2
s with ⇢

[1]
max = 0.1

and ↵s = ↵V (2/a) evaluated at a ⇡ 0.045 fm, which yields a systematic error of 0.4%.

G. Isospin E↵ects

The experimental measurements of the branching fraction for B ! D⇤`⌫ assume isospin
symmetry, and di↵erent isospin channels are averaged together [76]. We estimate the size
of the e↵ect of isospin corrections based on the chiral extrapolation. One could explicitly
include the di↵erence between u and d quark masses in the chiral e↵ective theory, though this
has not been worked out through one-loop for this process, to the best of our knowledge. As a
simple estimate of the size of isospin e↵ects we vary the end point of our chiral extrapolation
between the physical ⇡+ and the ⇡0 mass. We use the ⇡+ mass extrapolation for our central
value, but shifting to the ⇡0 changes the result by 0.1%. Changing the charm mass splitting
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FIG. 8. hA1(1) versus a2 for spectator mass mx = 0.2m0
s. The blue point at a = 0 shows the

extrapolated value for this mx including the heavy-quark discretization error added in quadrature
with the statistical error.
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whole CKM paradigm has been seen [5]. A full discussion of the possible resolutions of the
discrepancy lies beyond the scope of this article. We conclude merely that it is important
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In this paper, we improve the lattice-QCD calculation [6–8] of the zero-recoil form factor
for the exclusive decay B̄ ! D⇤`⌫̄ (and isopin-partner and charge-conjugate modes). Our
analysis strategy is very similar to our previous work [7], but the lattice-QCD data set is
much more extensive, with higher statistics on all ensembles, smaller lattice spacings (as
small as a ⇡ 0.045 fm) and light-quark masses as small as m̂0 = ms/20 (at lattice spacing
a ⇡ 0.09 fm). Figure 1 provides a simple overview of the new and old data sets; further details
are given in Sec. II. Our preliminary status report [8] encompassed the higher statistics but
not yet four of the ensembles in the lower left-hand corner of Fig. 1.

With this work, we improve the precision of |Vcb| as determined from exclusive decays
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FIG. 1. (color online) Range of lattice spacings and light-quark masses used here (colored or gray
discs) and in Ref. [7] (black circles). The area is proportional to the size of the ensemble. The
lattice spacings are a ⇡ 0.15, 0.12, 0.09, 0.06, and 0.045 fm. Reference [8] did not yet include the
ensembles with (a, m̂0/ms) = (0.045 fm, 0.20), (0.06 fm, 0.14), (0.06 fm, 0.10), and (0.09 fm, 0.05).
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FNAL/MILC 2014 (J. Bailey et al, arXiv:1403.0635, 2014 PRD): 
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a constant over a range of 5 time slices, and that the fit range where an acceptable fit is
obtained is roughly the same in physical units across ensembles. The correlated �2/d.o.f.
ranges from 0.08 to 0.85, with one exception. On the 0.06 fm, 0.15ms ensemble, the �2/d.o.f.
is 1.71, a bit higher than one might expect, based on fits to the same physical time range on
other ensembles. Also, the double ratio R(t) appears somewhat asymmetric under the inter-
change of source and sink on this ensemble, but this must be a statistical fluctuation, since
R(t) is symmetric by construction. For this ensemble, we adopt the Particle Data Group
(PDG) prescription and rescale the statistical error by the square root of the �2/d.o.f. Time
ranges for fits, their p values, and the raw values for hA1(1) are given in Table IV. We take
the good quality of our fits as evidence that systematic errors due to excited states are small
compared to other errors, and aside from the inflation of the error on one of our data points,
we assign no further error to fitting and excited states.

B. Heavy-quark mass and lattice-scale dependence

As discussed in Sec. V, the simulation values for b,c di↵er from the best tuned values for
these quantities, since the initial tuning analysis was supplemented by additional data and
improved methodology. We use Eq. (5.5) to perform the shift in the form factor given the
tuned values of b,c in Table VI. The dependence of hA1 on  (or m2) can also be used to
propagate the errors in  shown in Table VI to the form factor. This is done by inflating
the di↵erence from the mean under a jackknife for the data points on di↵erent ensembles.

0 0.1 0.2 0.3

m
π

2
 (GeV

2
)

0.86

0.88

0.9

0.92

0.94

0.96

0.98

1

h
A

1

(1
)

a ≅ 0.15 fm
a ≅ 0.12 fm
a ≅ 0.09 fm
a ≅ 0.06 fm
a ≅ 0.045 fm
extrapolated value

FIG. 7. The full QCD points for hA1(1) versus m
2
⇡ at five lattice spacings are shown in comparison

to the continuum curve. The cross is the extrapolated value, where the solid line is the statistical
error, and the dashed line is the total systematic error added to the statistical error in quadrature.
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for the exclusive decay B̄ ! D⇤`⌫̄ (and isopin-partner and charge-conjugate modes). Our
analysis strategy is very similar to our previous work [7], but the lattice-QCD data set is
much more extensive, with higher statistics on all ensembles, smaller lattice spacings (as
small as a ⇡ 0.045 fm) and light-quark masses as small as m̂0 = ms/20 (at lattice spacing
a ⇡ 0.09 fm). Figure 1 provides a simple overview of the new and old data sets; further details
are given in Sec. II. Our preliminary status report [8] encompassed the higher statistics but
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With this work, we improve the precision of |Vcb| as determined from exclusive decays
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FIG. 1. (color online) Range of lattice spacings and light-quark masses used here (colored or gray
discs) and in Ref. [7] (black circles). The area is proportional to the size of the ensemble. The
lattice spacings are a ⇡ 0.15, 0.12, 0.09, 0.06, and 0.045 fm. Reference [8] did not yet include the
ensembles with (a, m̂0/ms) = (0.045 fm, 0.20), (0.06 fm, 0.14), (0.06 fm, 0.10), and (0.09 fm, 0.05).

3

combined chiral-continuum extrapolation 
cusp due to D* → D𝜋 and  mD* - mD ~ m𝜋 
included using ChPT with D*D𝜋 coupling as input. 

Form factor for B → D* at zero recoil
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HPQCD (J. Harrison @ Lattice 2016, preliminary): 

13

• 8 MILC HISQ ensembles  
    3 lattice spacings 
    ~ 3 sea quark masses per lattice spacing  
     including one each at physical mass  

• HISQ light valence quarks  
  

• NRQCD b quarks 

• O(a) improved current 

• 1-loop perturbative renormalization is the 
dominant source of error  
  

• systematic error analysis in progress

MILC nf = 2+1+1

Form factor for B → D* at zero recoil
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HPQCD (J. Harrison @ Lattice 2016, preliminary): 
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Form factor for B → D* at zero recoil

• 8 MILC HISQ ensembles  
    3 lattice spacings 
    ~ 3 sea quark masses per lattice spacing  
     including one each at physical mass  

• HISQ light valence quarks  
  

• NRQCD b quarks 

• O(a) improved current 

• 1-loop perturbative renormalization is the 
dominant source of error  
  

• systematic error analysis in progress

|Vcb| from B̄0 ! D⇤+`�n̄ using NRQCD-HISQ Judd Harrison

3. Chiral-Continuum Extrapolation and Results

hJ0
Latti hJ1

Latti Z h t as F(1)
1 0.952(13) 0.00208(84) 0.9930 �0.260(3) 0.0163(1) 0.346 0.857(12)
2 0.965(19) 0.0011(13) 0.9933 �0.260(3) 0.0165(1) 0.344 0.869(17)
3 0.923(12) 0.00047(89) 0.9930 �0.260(3) 0.0165(1) 0.343 0.830(11)
4 0.901(20) 0.00132(94) 0.9972 �0.191(3) 0.0216(1) 0.311 0.840(19)
5 0.914(17) 0.00220(75) 0.9974 �0.185(3) 0.0221(1) 0.308 0.856(16)
6 0.943(12) 0.00236(71) 0.9974 �0.185(3) 0.0221(1) 0.307 0.883(11)
7 0.873(11) 0.00248(48) 0.9994 �0.091(3) 0.033(1) 0.267 0.846(11)
8 0.9049(66) 0.00475(55) 0.9994 �0.091(3) 0.033(1) 0.267 0.8791(65)

Table 3: Fit results for the matrix elements of each lattice current together with the relevant matching
parameters, computed in [13], used to compute F(1) on each set.

Figure 1: A preliminary fit to our data using staggered chiral perturbation theory [16]. The grey band is the
continuum chiral perturbation theory result extrapolated from our lattice data. It includes systematic errors
coming from matching uncertainties and hence has a much larger error than any of the data points, which
are only shown with their statistical error. We are working to investigate the apparent deviation of the very
coarse result from the other two results at the physical pion mass.

Taking the result from this preliminary fit and combining it with the latest HFAG result [6],
hEW F (1)|Vcb| = 35.81(11)(44)⇥ 10�3, we find Vcb = 41.5(17)⇥ 10�3 where we have taken
hEW = 1.00662(16). Our result shows a slight tension with the determination by the Fermilab

4

preliminary
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★ calculate the form factors in the low recoil energy (high q2) range.  

★ use z-expansion for model-independent parameterization of q2 dependence.  

★ calculate the complete set of form factors,                     . 

★ for            compare shape between experiment and lattice. 

f+(q
2), f0(q

2)

15

d

f+(q
2), f0(q

2)

B0

b̄
W

µ+

⌫µ

Vcb
c̄

D�

d�(B ! Dµ⌫)

dq2
= (known)⇥ |Vcb|2 ⇥ f2

+(q
2
)

Form factors forB ! D `⌫, (` = e, µ, ⌧)
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FNAL/MILC (arXiv:1503.07237, PRD 2015)

Form factors forB ! D `⌫, (` = e, µ, ⌧)

• 14 MILC asqtad ensembles  
    4 lattice spacings 
    ~ 4 sea quark masses per lattice spacing  
    ~ 600 - 2000 configurations  
    × 4 time-sources per ensemble 

• asqtad light valence quarks  
  

• Fermilab b quarks 

• O(a) improved current 

• mostly nonperturbative renormalization 
(mNPR)0.0 0.090.06 0.150.12
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0.00
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m̂
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FIG. 1. (color online) Range of lattice spacings and light-quark masses used here. The area of
each disk is proportional to the number of configurations in the ensemble.

as in Ref. [24] to implement the standard Dirac spin algebra. In this study, masses of the
light valence quarks are always equal to the sea-quark masses. For the heavy valence quarks
we use the Fermilab interpretation of the clover action with the parameters listed in Table
II.

Two-point and three-point correlators are computed from four equally-spaced source
times per configuration, but with random o↵sets in time and space to reduce correlations
between successive gauge-field configurations within an ensemble. We performed a blocking
study to look for residual autocorrelations, and found that the statistical errors did not
change significantly with block size. Thus we do not block the data in this work. The
masses of the heavy valence quarks were tuned so that the kinetic masses of the D

s

and
B

s

mesons were equal to their physical values. A detailed discussion of tuning is given in
the appendix of Ref. [5], where we show that we get good agreement between the lattice
values of the D

s

and B

s

hyperfine splittings and their experimental values. The simulation
values of the heavy-quark masses are not quite the same as our best-tuned values, which
were determined a posteriori. Post-simulation adjustment for heavy-quark-mass tuning is
described in Sec. IIID.

After fixing the lattices to Coulomb gauge, two types of interpolating operators for the
D meson are used, namely, a local operator and a smeared operator based on a Richardson
1S wave function [25]. For the B meson we use only the 1S operator. These two operators
have di↵erent overlap with excited states, so computing both helps us remove excited-state
contributions. We generate three-point functions in a standard way by fixing the position of
the D and B mesons to a separation T in imaginary time and then varying the time t of the
vector current. Calculations at two adjacent time separations T are carried out in each case
to control the e↵ects of oscillating staggered-fermion propagators. We rotate the heavy-quark
fields as in Eq. (2.9) using the tadpole-improved tree-level values for d

1

listed in Table II,
so that the vector current is tree-level improved. Calculations are made at several choices
of three-momentum. In units of 2⇡/L, for this study we use five momenta (0,0,0), (0,0,1),

7
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FNAL/MILC (arXiv:1503.07237, PRD 2015)

Form factors forB ! D `⌫, (` = e, µ, ⌧)
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FIG. 6. Error budgets for f

+

and f

0

as a function of the recoil w. The colored bands show the
error contribution of each uncertainty source to the quadrature sum. The corresponding error is
provided on the right y-axis. Our lattice simulation results are for w 2 [0, 1.16], i.e., to the left of
the vertical line.

data.
We add the remaining systematic uncertainties a posteriori to the chiral-continuum fit

error. We estimate the individual contributions to the form-factor error budget in the follow-
ing subsections, discussing each source in a separate subsection for clarity. In practice, only
the heavy-quark discretization errors (Sec. IVD) and lattice-scale uncertainty (Sec. IVE)
turn out to be significant.

TABLE VI. Error budget (in percent) for f
+

and f

0

at w = 1.16, which is the largest recoil value
used in our momentum extrapolation to the full kinematic range and determination of |V

cb

| (see
Sec. V). The first row includes the combined error from statistics, matching, and the error from
truncating the chiral expansion resulting from the chiral-continuum fit: errors in parentheses are
approximate sub-parts estimated as described in the text. The total error is obtained by adding the
individual errors in quadrature. Not explicitly shown because they are negligible are finite-volume
e↵ects, isospin-breaking e↵ects, and light-quark mass tuning.

Source f

+

(%) f

0

(%)

Statistics+matching+�PT cont. extrap. 1.2 1.1

(Statistics) (0.7) (0.7)

(Matching) (0.7) (0.7)

(�PT/cont. extrap.) (0.6) (0.5)

Heavy-quark discretization 0.4 0.4

Lattice scale r

1

0.2 0.2

Total error 1.2 1.1

19

lattice data lattice data



A. El-Khadra D(*)𝜏𝜈 2017, Nagoya, Japan, 27-28 March 2017

0 0.01 0.02 0.03 0.04 0.05 0.06
z

0.5

1

1.51 1.1591.1 1.2 1.3 1.4 1.5
w

f+

 f0

HPQCD 2015
FNAL/MILC 2015
Belle 2015
BaBar 2009
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FNAL/MILC (arXiv:1503.07237, PRD 2015)
HPQCD (arXiv:1505.03925, PRD 2015)

LQCD form factors can be used to calculate the CKM free ratio:

plot by R. Van de Water

R(D) ⌘ B(B ! D⌧⌫⌧ )

B(B ! D`⌫)

z extrapolationlattice data

Two LQCD calculations 
(FNAL/MILC, HPQCD) 

  

HPQCD uses 5 MILC 
ensembles and different 
valence quark actions  

LQCD form factor 
uncertainties  (~1.2%) smaller 
than experiment.

Form factors forB ! D `⌫, (` = e, µ, ⌧)
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z extrapolation

lattice data
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1.2

1.3

form factors f+HzL Hupper plotL and f0HzL Hlower plotL

Belle 2015 
BaBar 2009 
HPQCD  2015 
FNAL/MILC 2015

D. Bigi & P. Gambino 
(arXiv: 1606.08030,  
2016 PRD)

combine LQCD form factors with experiment, using the BGL (Boyd, Grinstein, 

Lebed, hep-ph/9508211, 1996 NPB) parameterization:

|Vcb| = 40.49 (97) 10-3

FLAG-3 (S. Aoki et al, arXiv:1607.00299, EPJC 2017) performs a similar 

combined fit using the BCL parameterization. 

B ! D `⌫ & |Vcb|
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|Vcb|Implications for 

Eur. Phys. J. C (2017) 77 :112 Page 113 of 228 112

Table 41 Results for |Vcb|. When two errors are quoted in our averages,
the first one comes from the lattice form factor, and the second from
the experimental measurement. The HFAG inclusive average obtained
in the kinetic scheme from Ref. [197] is shown for comparison

From |Vcb| × 103

Our average for N f = 2 + 1 B → D∗ℓν 39.27(56)(49)

Our average for N f = 2 + 1 B → Dℓν 40.1(1.0)

Our average for N f = 2 B → Dℓν 41.0(3.8)(1.5)

HFAG inclusive average B → Xcℓν 42.46(88)

Fig. 29 Lattice and experimental data for f B→D
+ (q2) and f B→D

0 (q2)
versus z. Green symbols denote lattice-QCD points included in the fit,
while blue and indigo points show experimental data divided by the
value of |Vcb| obtained from the fit. The grey and orange bands display
the preferred N+ = N 0 = 3 BCL fit (six parameters) to the lattice-QCD
and experimental data with errors

9 The strong coupling αs

9.1 Introduction

The strong coupling ḡ(µ) defined at scale µ, plays a key role
in the understanding of QCD and in its application for col-
lider physics. For example, the parametric uncertainty from
αs is one of the dominant sources of uncertainty in the Stan-
dard Model prediction for the H → bb̄ partial width, and
the largest source of uncertainty for H → gg. Thus higher
precision determinations of αs are needed to maximize the
potential of experimental measurements at the LHC, and for
high-precision Higgs studies at future colliders [556–558].
The value of αs also yields one of the essential boundary
conditions for completions of the standard model at high
energies.

In order to determine the running coupling at scale µ

αs(µ) =
ḡ2(µ)

4π
, (215)

we should first “measure” a short-distance quantityQ at scale
µ either experimentally or by lattice calculations and then
match it with a perturbative expansion in terms of a running
coupling, conventionally taken as αMS(µ),

Q(µ) = c1αMS(µ)+ c2αMS(µ)
2 + · · · . (216)

The essential difference between continuum determinations
of αs and lattice determinations is the origin of the values of
Q in Eq. (216).

The basis of continuum determinations are experimen-
tally measurable cross sections from which Q is defined.
These cross sections have to be sufficiently inclusive and at

Fig. 30 Left Summary of |Vub| determined using: (i) the B-meson lep-
tonic decay branching fraction, B(B− → τ−ν̄), measured at the Belle
and BaBar experiments, and our averages for fB from lattice QCD; and
(ii) the various measurements of the B → πℓν decay rates by Belle

and BaBar, and our averages for lattice determinations of the relevant
vector form factor f+(q2).Right Same for determinations of |Vcb| using
semileptonic decays. The HFAG inclusive results are from Ref. [197]

123
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123

• Bigi, Gambino, Schacht 
(arXiv:1703.06124) 

• Grinstein, Kobach 
(arXiv:1703.08170)

Both use new Belle 
data (arXiv:1702.01521) 
and BGL together 
with lattice 𝓕(1). 

Two new analyses: 



A. El-Khadra D(*)𝜏𝜈 2017, Nagoya, Japan, 27-28 March 2017 22

R(D)
0.2 0.4 0.6

BaBar

 0.042± 0.058 ±0.440 

Belle

 0.026± 0.064 ±0.375 

Average 

 0.028± 0.041 ±0.391 

SM prediction 

 0.017±0.297 

HFAG
Prel. EPS15

/dof = 0.4/ 1 (CL = 52.00 %)2χFNAL/MILC
HPQCD

HFAG average for EPS 2015
R(D(⇤)) =

B(B ! D(⇤)⌧⌫⌧ )

B(B ! D(⇤)`⌫)

HFAG 2017 average: combined 3.9𝜎 excess

BSM phenomenology:  LFU  τ/ℓ𝓁

Bigi & Gambino

R(D)
0.2 0.3 0.4 0.5 0.6

R(
D

*)

0.2

0.25

0.3

0.35

0.4

0.45

0.5
BaBar, PRL109,101802(2012)
Belle, PRD92,072014(2015)
LHCb, PRL115,111803(2015)
Belle, PRD94,072007(2016)
Belle, arXiv:1612.00529
Average

SM Predictions

 = 1.0 contours2χ∆

R(D)=0.300(8) HPQCD (2015)
R(D)=0.299(11) FNAL/MILC (2015)
R(D*)=0.252(3) S. Fajfer et al. (2012)

HFAG

Moriond 2017

) = 67.4%2χP(

HFAG
Moriond EW 2017
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BSM phenomenology:  LFU  τ/ℓ𝓁

D. Du et al (arXiv:1510.02349, PRD 2016)

• The shape of the B → D(*) 𝜏𝜈 rate is sensitive to f0 contribution.  
• Shape comparison: use (ratios of) differential or binned decay 

rates to compare theory and experiment.
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BSM phenomenology:  LFU  τ/ℓ𝓁
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SM prediction forR(⇡) =
B(B ! ⇡ ⌧⌫⌧ )

B(B ! ⇡ `⌫)
= 0.641(17)

D. Du et al (arXiv:1510.02349, PRD 2016)

Uses the form factors from 
the combined LQCD + exp. 
fit to dℬ(B →πℓν)/dq2
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ongoing/planned LQCD calculations:  
  

RBC/UKQCD: 
B → D and Bs → Ds form factors  
RHQ action for b quark, DWF charm on DWF (2+1) ensembles  
preliminary results presented at Lattice 2016 (Witzel)  
   

HPQCD: 
Bs → Ds form factors 
NRQCD b quarks, HISQ charm on MILC asqtad (2+1) ensembles  
preliminary results presented at Lattice 2016 (Monahan)  
  

FNAL/MILC:  
B → D and Bs → Ds form factors  
Fermilab b,c quarks on MILC HISQ (2+1+1) ensembles (full set)  
  

LANL/SNU: 
B → D form factors  
Oktay-Kronfeld b,c quarks on MILC HISQ (2+1+1) ensembles  
First tests of discretization errors with OK action at Lattice 2016

Prospects for                   form factors at all recoilB(s) ! D(s)
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ongoing/planned LQCD calculations:  
  

HPQCD: 
NRQCD b quarks, HISQ charm on MILC HISQ (2+1+1) ensembles  

FNAL/MILC:  
1) Fermilab b,c quarks on MILC asqtad (2+1) ensembles (full set)  
2) Fermilab b,c quarks on MILC HISQ (2+1+1) ensembles (full set)  
  

LANL/SNU: 
Oktay-Kronfeld b,c quarks on MILC HISQ (2+1+1) ensembles 

  

RBC/UKQCD: 
RHQ action for b quark, DWF charm on DWF (2+1) ensembles 

Combine binned experimental decay distributions (Belle, arXiv:

1702.01521) with LQCD form factors to extract |Vcb| and obtain 
improved form factors to be used for SM predictions of R(D(*)).  

Prospects for                   form factors at all recoilB(s) ! D⇤
(s)
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 It includes a log from W/Z/γ boxes (Sirlin, 1982):  

 In B0 decay, there is a long-distance (universal) radiative correction due to 
Coulomb attraction between the final states:  

 Structure-dependent radiative corrections have not yet been calculated.  
 

⌘EW = 1 +
↵

⇡
ln

mZ

µ

⇡↵/2

Electroweak corrections, ηEW
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Leptonic B-meson decay

28

Example:

u

W
B+

b̄ ⌧+

⌫⌧

B+ ! ⌧+⌫⌧

�(B+ ! ⌧+⌫⌧ ) = (known)⇥ |Vub|2 f2
B

 use experiment + LQCD input for determination of CKM element or to 
search for new physics.  
 

 SU(3) ratio             : statistical and systematic errors tend to cancel. 
  

 Decay constants are also needed for rare leptonic decay, Bs(d) →μμ.

fBs/fBd
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status 
end 2015

0.7%

2.2% 2.2%

 S. Aoki et al  
(FLAG-3 review, arXiv:
1607.00299, EPJC 2017) 

(MeV) (MeV)

new results by ETM (arXiv:1603.04306, 2016 PRD)  
  
ongoing work by  
FNAL/MILC (Komijani @ Lattice 2016),  
RBC/UKQCD, …  
 
➠ expect to reduce errors on fB, fBs to ≲ 1%

B decay constant summary
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B-meson summary

30

errors (in %) FLAG-2/3 averages + new results 

fBs/fB

fBs

fB

FB!D⇤
(1)

fB!⇡
+ (q2)

⇠

R(D)
fB!D
+ (!)

goal
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 LQCD results exist for B →D form factors at all recoil and B → D* form 
factor at zero recoil with errors that are commensurate with experimental 
uncertainties.  
 Expect to see new LQCD results for B(s) →D(s) and B(s) → D(s)* form factors at 
all recoil at Lattice 2017.  
   ➢ may affect the tension between exclusive and inclusive determinations 
of |Vcb|.  
   ➢ will enable an improved SM estimate of R(D*).  
 For B decays to D(*)𝜏𝜈 final states, shape comparison between theory and 
experiment would be useful.   

 LQCD (or combined lattice +exp) form factors can also be used to obtain 
the predictions for R(D(*)) and other observables from BSM theories.  
 expect LQCD results for B-meson decay constants at 1% level soon.  

 

Summary

31
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Outlook

Amala Willenbrock
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Outlook

Amala Willenbrock

Further improvements 
  

 Gauge field ensembles with light sea quarks at their physical masses are 
being used in a growing number of LQCD calculations. 

 will need to include 

structure-dependent QED effects 

 ➢ program being developed for kaon quantities, muon g-2 
  

 Include effects of D* → D𝜋 directly in the LQCD calculation. Theoretical 
framework for semileptonic B decays to vector meson final states under 
development (Briceño et al, arXiv:1406.5965, 2015 PRD; Agadjanov et al, arXiv:1605.03386).   
  ➢ LQCD pilot studies are underway for  
 

Bs ! K⇤ `⌫, B ! K⇤ ``, . . .
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Thank you!
ありがとうございます
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Backup slides 
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use monte carlo methods (importance sampling) to evaluate the integral.

Note: Integrating over the fermion fields leaves det(D +m) in the integrand. The  
          correlation functions, O, are then written in terms of (D+m)-1 and gluon fields.

/
/

1. generate gluon field configurations according to det(D+m) e-S 

2. calculate quark propagators, (D+mq)-1, for each valence quark flavor and source point 
  

3. tie together quark propagators into hadronic correlation functions (usually 2 or 3-pt 
functions) 

  

4. statistical analysis to extract hadron masses, energies, hadronic matrix elements, …. 
from correlation functions 

5. systematic error analysis

steps of a lattice QCD calculation:

/

/

36

Lattice QCD IntroductionL 

a 

x 
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• For light quarks (                      ), leading discretization errors   ~  
  
• For heavy quarks, leading discretization errors  ~       
    with currently available lattice spacings 

for b quarks  amb > 1 
for charm amc ~ 0.15-0.6 

   

                need effective field theory methods for b quarks    
                for charm can use light quark methods, if action is sufficiently  
                improved  

• avoid errors of  (amb)n  in the action by using EFT: 
✦ relativistic HQ actions (Fermilab, Columbia [aka RHQ], Tsukuba) 
✦ HQET 
✦ NRQCD 

or 

•  use improved light quark actions for charm (HISQ, tmWilson, NP imp. Wilson,...)    
    and for b: 

✦ use same LQ action as for charm but keep  amh  < 1,  
✦ use HQET and/or static limit to extrapolate/interpolate to b quark mass

↵k
s (a⇤QCD)nm` < ⇤QCD

↵k
s (amh)n

37

Heavy Quark Treatment
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Some ensembles still have  
               mlight  > 1/2 (mu + md)phys  

𝜒PT  guides the extrapolation/interpolation to the physical point.  
 include (light quark) discretization effects (for example, staggered 𝜒PT)
 can also add HQ discretization terms to chiral-continuum fits  
 combined chiral-continuum extrapolation/interpolation 

 for B,D meson processes use Heavy Meson 𝜒PT:   𝜒PT + 1/M expansion

38

chiral-continuum extrapolation
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Example: Set of ensembles by MILC collaboration

chiral-continuum extrapolation

39

MILC nf = 2+1+1

Five collaborations have now generated sets of ensembles that include sea quarks 
with physical light-quark masses:  PACS-CS, BMW, MILC, RBC/UKQCD, ETM
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finite volume effects

40

One stable hadron (meson) in initial/final state: 

If L is large enough, FV error  
 keep 

To quantify residual error: 
 include FV effects in 𝜒PT  

 compare results at several Ls (with other parameters fixed) 

The story changes completely with two or more hadrons in initial/final state! 
(or if there are two or more intermediate state hadrons) 

m⇡ L & 4

⇠ e�m⇡ L
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The z-expansion

for kinematic  
range: |z| < 1. 

z
t

z(t, t0) =

p
t+ � t�

p
t+ � t0p

t+ � t+
p
t+ � t0

t = q2

t± = (mB ±m⇡)
2

f(t) =
1

P (t)�(t, t0)

X

k=0

ak(t0)z(t, t0)
k

The form factor can be expanded as:  

• P(t) removes poles in [t-,t+] 
• The choice of outer function 𝜙 affects the unitarity bound on the ak.  
• In practice, only first few terms in expansion are needed.  

q2
max

= t�

kinematic range [m2
`

, q2
max

]

Bourrely at al (Nucl.Phys. B189 (1981) 157) 
Boyd, Grinstein, Lebed (hep-ph/9412324, 
PRL 95; hep-ph/9504235, PLB 95; hep-ph/
9508211, NPB 96; hep-ph/9705252, PRD 97) 
Lellouch (arXiv:hep- ph/9509358, NPB 96) 
Boyd & Savage (hep-ph/9702300, PRD 97) 
Bourrely at al ( arXiv:0807.2722, PRD 09)
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103|Vcb|

3.0

3.5

4.0

4.5

10
3 |V

ub
|

© 2015 Andreas Kronfeld, Fermi National Accelerator Laboratory

|Vub|/|Vcb| (latQCD + LHCb)
|Vub| (latQCD + BaBar + Belle)
|Vcb| (latQCD + BaBar + Belle)
|Vcb| (latQCD + HFAG, w = 1)
p = 0.19
∆χ

2 = 1
∆χ

2 = 2
inclusive |Vxb|

⇤b
! p`⌫

/⇤b
! ⇤c`⌫

B ! ⇡`⌫

B ! D`⌫

B ! D⇤`⌫

Exclusive vs. inclusive |Vcb| and |Vub|

~3𝜎 tension between inclusive 
and exclusive |Vcb| and |Vub|

New in 2015: 

• |Vcb| from  

• |Vub| from 

• |Vub/Vcb| from

B ! D`⌫

B ! ⇡`⌫

⇤b ! p`⌫/⇤b ! ⇤c`⌫

A. Kronfeld (priv. communication)

zero recoil
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RBC/UKQCD 2015
FNAL/MILC 2015f0

(1-q2/mB*) f+

43

RBC (arXiv:1501.05373, PRD 2015)

FNAL/MILC (arXiv:1503.07839, PRD 2015)

plot by R. Van de Water

z extrapolation

lattice data

FNAL/MILC & RBC form factors are in good agreement 
HPQCD (arXiv:1510.07446, PRD 2016): f0 with physical light quarks at zero recoil 
satisfies soft-pion theorem 
Note: two independent LQCD predictions for Bs →Kℓν form factors  
(HPQCD, arXiv:1406.2279, PRD 2014; RBC, arXiv:1501.05373, PRD 2015)  
+ ongoing work by ALPHA (Banerjee, Koren @ Lattice 2016), FNAL/MILC, …

form factors for B ! ⇡ ` ⌫ & Vub
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RBC (arXiv:1501.05373, PRD 2015)

FNAL/MILC (arXiv:1503.07839, PRD 2015)

plot by R. Van de Water

z extrapolation
lattice data

|Vub| = 3.72 (16) 10-3

shape of f+  agrees with experiment and uncertainties are commensurate 
fit lattice form factors together with experimental data to determine |Vub| and 
obtain form factors (f+, f0 ) with improved precision…

form factors for B ! ⇡ ` ⌫ & Vub



A. El-Khadra D(*)𝜏𝜈 2017, Nagoya, Japan, 27-28 March 2017 45

plot by R. Van de Water

z extrapolation
lattice data

shape of f+  agrees with experiment and uncertainties are commensurate 
fit lattice form factors together with experimental data to determine |Vub| and 
obtain form factors (f+, f0 ) with improved precision…

 S. Aoki et al  (FLAG-3 review,  
arXiv:1607.00299, 2017 EJPC) 
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(13-bin) and B− → π0 (7-bin ) [553]. In the previous
version of the FLAG review [2] we only used the 13-
bin Belle and 12-bin BaBar datasets, and performed sep-
arate fits to them due to the lack of information on sys-
tematic correlations between them. Now, however, we will
follow established practice and perform a combined fit to
all the experimental data. This is based on the existence
of new information as regards cross-correlations, which
allows us to obtain a meaningful final error estimate.58

The lattice input dataset will be the same as discussed in
Sect. 8.3.

We perform a constrained BCL fit of the vector and scalar
form factors (this is necessary in order to take into account
the f+(q2 = 0) = f0(q2) constraint) together with the com-
bined experimental datasets. We find that the error on Vub
stabilizes for (N+ = N 0 = 3). The result of the combined
fit is

B → πℓν (N f = 2 + 1)

Central values Correlation matrix

Vub × 103 3.73 (14) 1 0.852 0.345 −0.374 0.211 0.247

a+0 0.414 (12) 0.852 1 0.154 −0.456 0.259 0.144

a+1 −0.494 (44) 0.345 0.154 1 −0.797 −0.0995 0.223

a+2 −0.31 (16) −0.374 −0.456 −0.797 1 0.0160 −0.0994

a0
0 0.499 (19) 0.211 0.259 −0.0995 0.0160 1 −0.467

a0
1 −1.426 (46) 0.247 0.144 0.223 −0.0994 −0.467 1

Figure 28 shows both the lattice and the experimental data
for (1 − q2/m2

B∗) f+(q2) as a function of z(q2), together
with our preferred fit; experimental data have been rescaled
by the resulting value for |Vub|2. It is worth noting the good
consistency between the form factor shapes from lattice and
experimental data. This can be quantified, e.g., by com-
puting the ratio of the two leading coefficients in the con-
strained BCL parameterization: the fit to lattice form fac-
tors yields a+1 /a+0 = −1.67(12) (cf. the results presented
in Sect. 8.3.2), while the above lattice+experiment fit yields
a+1 /a+0 = −1.193(16).

We plot the values of |Vub| we have obtained in Fig. 30,
where the determination through inclusive decays by the
Heavy Flavour Averaging Group (HFAG) [197], yielding
|Vub| = 4.62(20)(29) × 10−3, is also shown for compar-
ison. In this plot the tension between the BaBar and the
Belle measurements of B(B− → τ−ν̄) is manifest. As dis-
cussed above, it is for this reason that we do not extract |Vub|
through the average of results for this branching fraction from
these two collaborations. In fact this means that a reliable
determination of |Vub| using information from leptonic B-
meson decays is still absent; the situation will only clearly

58 See, e.g., Sect. V.D of [504] for a detailed discussion.

Fig. 28 Lattice and experimental data for (1−q2/m2
B∗ ) f B→π

+ (q2) and
f B→π
0 (q2) versus z.Green symbols denote lattice-QCD points included

in the fit, while blue and indigo points show experimental data divided
by the value of |Vub| obtained from the fit. The grey and orange bands
display the preferred N+ = N 0 = 3 BCL fit (six parameters) to the
lattice-QCD and experimental data with errors

improve with the more precise experimental data expected
from Belle II. The value for |Vub| obtained from semileptonic
B decays for N f = 2 + 1, on the other hand, is significantly
more precise than both the leptonic and the inclusive deter-
minations, and exhibits the well-known ∼3σ tension with
the latter.

8.7 Determination of |Vcb|

We will now use the lattice QCD results for the B → D(∗)ℓν
form factors in order to obtain determinations of the CKM
matrix element |Vcb| in the Standard Model. The relevant
formulae are given in Eq. (189).

Let us summarize the lattice input that satisfies FLAG
requirements for the control of systematic uncertainties, dis-
cussed in Sect. 8.4. In the (experimentally more precise)
B → D∗ℓν channel, there is only one N f = 2 + 1 lat-
tice computation of the relevant form factor F B→D∗

at zero
recoil. Concerning the B → Dℓν channel, for N f = 2 there
is one determination of the relevant form factorGB→D at zero
recoil;59 while for N f = 2 + 1 there are two determinations

59 The same work provides GBs→Ds , for which there are, however, no
experimental data.

123



A. El-Khadra D(*)𝜏𝜈 2017, Nagoya, Japan, 27-28 March 2017 46

0

0.5

1

1.5

2

2.5

3

0 5 10 15 20

f T

q2(GeV2)

fT

fT
HPQCD 13 (LQCD)

Khodjamirian 10 (LCSR)
HPQCD (arXiv:1306.0434, 
1306.2384, PRL 2013)

FNAL/MILC  
(arXiv:1509.06235, PRD 2016)

Two LQCD calculations (on overlapping ensemble sets, different valence actions):  
   HPQCD (NRQCD b + HISQ), FNAL/MILC (Fermilab b + asqtad) 
consistent results for all three form factors  
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 First LQCD calculation of fT  by FNAL/MILC  
 Take f+, f0  from combined fit of lattice form factors + experimental data for  
dℬ(B →πℓν)/dq2 

RBC (arXiv:1501.05373, PRD 2015)
FNAL/MILC (arXiv:1503.07839, PRD 2015)

plot by R. Van de Water

(1
−
q2
/M

2 B
∗
)f

T

q2 2

FNAL/MILC  (arXiv:1507.01618, PRL 2015)

(1� q2/M2
B⇤)fT

z extrapolation lattice data

z extrapolation
lattice data

form factors for B ! ⇡ ``



A. El-Khadra D(*)𝜏𝜈 2017, Nagoya, Japan, 27-28 March 2017 48

BSM phenomenology:  LFU  μ/e

 LHCb (arXiv:1406.6482, PRL 2014):

RK = 0.745 (9074)(36)

B ! Kµ+µ�/B ! Ke+e�Lepton universality test:

~2.6 σ  tension between LHCb measurement and SM theory
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BSM phenomenology:  LFU  μ/e

In the SM these ratios are insensitive to the form factors 
(see also C. Bouchard et al, arXiv:1303.0434, PRL 2013)

-300

-200

-100

0

100

200

0 5 10 15 20 25

(R
µ
e

K
+
−

1)
×
10

3

q2(GeV)2

Standard Model [This work]
LHCb [PRL113,151601(2014)]

-4

-2

0

2

4

0 5 10 15 20 25

(R
µ
e

π
+
−

1)
×

10
3

q2(GeV)2

Standard Model [This work]

D. Du et al (arXiv:1510.02349, PRD 2016)

Rµe
K � 1

Rµe
⇡ � 1

~2.6 σ  tension between LHCb measurement and SM theory


